In this paper the issue of approximation of the hyperboloid offset surface off (S(t, v); d) at distance d by the hyperboloid surface S 1 (ϕ, v) is considered. The problem of determining various surfaces approximating the hyperboloid offset surface off (S(t, v); d) is important due to the applications of the hyperboloid as a mathematical model for miscellaneous objects in the architecture and construction industry. The paper presents the method of determining the angles and coordinates of points of various surfaces approximating the hyperboloid of revolution. A twosheet hyperboloid offset surface can be used for modelling double-layer domes. A one-sheet hyperboloid offset surface was used to model the reinforced structure of the cooling tower.
Introduction
A one-sheet hyperboloid is often used as a model for various objects in the construction industry. It is a doubly ruled surface. Thanks to this, one-sheet hyperboloid shaped constructions can be built with, for example straight steel elements that form a strong structure. Such a clever design guarantees lower costs than other technical solutions. Examples of such constructions are cooling towers (Jaworzno, Cracow in Poland), Kobe Port Tower in Japan, Newcastle International Airport in England, Cathedral of Brasilia in Brazil, the Canton Tower in China and many other structures. A two-sheet hyperboloid can be used to model domes and other roofs which cover stadiums, halls, and shopping centres. Nowadays, lattice domes with elaborate shapes (Golden Terraces in Warsaw) and multilayer (retractable) roofs of large objects (National Stadium in Singapore) are used. To design structures based on the hyperboloid S(t, v), the coordinates of points of other surfaces that approximate the hyperboloid S(t, v) are necessary. The hyperboloid S(t, v) can be approximated by means of the offset surfaces, a hyperboloid of similar parameters or another surface with the desired properties. The paper provides a convenient methodology for acquiring the angles and coordinates of points of various surfaces that approximate the one-sheet (or two-sheet) hyperboloid surface.
Section 3 suggests the construction of a reinforced hyperboloid-shaped double-layer dome. Section 4 presents a proposal for a reinforced cooling tower structure. Sections 2, 3.1, 3.2 and 4.1 provide mathematical formulas defining the angles and coordinates of points of different surfaces approximating the hyperboloid. The interesting offset surfaces (offset curves) are described in [3] [4] [5] . Section 5 contains examples of the applications of the given geometric method.
Mathematical formulas Let c(t) = (x(t), y(t))(t ∈ [α, β]) be a parametric representation of a planar curve (we write down functions x(t), y(t)
as x t , y t ). The normal vector to the curve c(t) at the point P(x t , y t ) is as follows n = [−y
The unit normal vector at the point P(x t , y t ) is of the form (cf. [6] , p. 335)
For a smooth planar curve c, we define an offset curve c d at distance d in the following way. On each curve normal, we mark the two points that are at distance d from the curve c. The set of all of these points forms the offset
The curve c and its offset curves c Let us assume that P is any point on the hyperbola c h and l is the normal line to c h at the point P. Points P 1 and P 2 lie on the normal l at distance d from P. Q 1 , Q 2 are the intersection points of the normal line l with hyperbolas c h1 and c h2 respectively. Non-zero distances d P1Q1 = |P 1 Q 1 | and d P2Q2 = |P 2 Q 2 | mean that hyperbolas c h1 and c h2 do not keep a constant distance d relative to the basic hyperbola c h (cf. Figure 3) .
The c h (t), c h1 (ϕ) and off (c h ; d) curves shown in Figure 3 are defined as follows (cf. [7] , p. 98),
Definition 1 (horizontal offset thickness) Let the points P, P 1 , P P1 (z P1 = z PP1 ) and curves c h , c h1 , off(c h ; d) be defined as above (see Figure 3) . Horizontal offset thickness measured at height z = z P1 (z P1 is arbitrary but fixed) is defined as the length of the section
Definition 2 (cf. [7] , p. 97) cosh(t) = (e t + e −t ) ⧸︁ 2, sinh(t) = (e t − e −t ) ⧸︁ 2.
Double-layer lattice domes
In this section, we suggest the use of the two-sheet rotational hyperboloid surface to form double-layer lattice domes. Such roofs of large buildings (stadiums, halls, shopping centres) made of metal bars can be light constructions with considerable spread. The bar structures of the low-profile single-layer domes are particularly susceptible to stability loss [8] . Therefore, a more advantageous solution is the construction of double-layer structures connected by bars [9] . We provide a convenient method for determining the angles and coordinates of points of various surfaces (also the offset surfaces) approximating the twosheet hyperboloid surface.
3.1
The coordinates of points P 1 and P 2
Let us take the parametric equations of the hyperbola C h (t): x = a sinh(t), z = −bcosh(t). We can assume that t ≥ 0, because the graph of the curve C h (t) is symmetrical about the Z axis. The coordinates of points P 1 and P 2 lying on the normal l to the hyperbola C h (t) (at the point P(x t , z t )) and distant from P by the length d were determined using the following equation of the offset curves off(C h (t); d)
for x t = a sinh(t), z t = −bcosh(t). From here we obtain the coordinates of points P 1 and P 2
The coordinates of the point Q 1
Let us take the parametric equations of the hyperbola
The coordinates of the point Q 1 (the intersection of the normal line l to the hyperbola C h (t) at the point P(x t , z t ) with the hyperbola C h1 (ϕ)) were determined as follows. We can assume that t, ϕ ≥ 0. The normal vector to the curve C h (t) at the point P is of the form n = [b sinh(t), a cosh(t)]. The parametric equations of the normal line l to the hyperbola C h (t) at the point P are as follows (cf. [10] , p. 140)
Let us set the parameter k giving the intersection points of the line l with the hyperbola C h1 (ϕ).
Let us determine the parameter k from the second equation and put it in the first equation.
Hence and from definition 2 we have
Hence
Let us denote E = e ϕ . Then for ∆ = B 2 − 4AC > 0 we have
Hence ϕ 1 = ln E 1 and ϕ 2 = ln E 2 . Finally we obtain the parameter k for the point Q 1
Lemma 1 (cf. [5] , Lemma 3, p. 46)
(a) The coordinates of the points P, P 1 and Q 1 can be determined using the parametric equations (6) of the normal line l to the hyperbola C h (t) at the point P(x t , z t ) (we also write down P(x P , z P )) for the parameter k equal respectively k = 0, k = k P1 (cf. (5)) and k = k 1 (cf. (7)).
The property (b) results from the fact that points P, P 1 and Q 1 lie on the normal l. Figure 4 shows the two-sheet rotational hyperboloid S h (t, v) (the red surface), the two-sheet rotational hyperboloid S h1 (ϕ, v) (the bright blue surface) and the hyperboloid offset surface off(S h ; d) at distance d (the dark blue surface). 
Cooling towers
A cooling tower is a device used to cool industrial water in those energy and industrial plants that do not have the possibility to make use of water from a river, lake or sea. Cooling towers are equipped with a very high (usually) reinforced concrete chimney. The chimney wall is a thin shell in the shape (from outside and inside) of the one-sheet rotational hyperboloid. This chimney construction is rigid and resistant to bending. Such a design guarantees the possibility of obtaining a large diameter and height. Thanks to the high chimney and the heated water, the so-called chimney effect is obtained. Figure 7 shows the model of the chimney wall. The one-sheet hyperboloid surface s h (t, v) modelling the outer part of the chimney wall is coloured bright blue. The onesheet hyperboloid surface s h1 (ϕ, v) modelling the inner part of the chimney wall is coloured red. The offset surface off(s h ; d) at distance d to the outer part of the chimney wall is coloured dark blue. The use of the offset surface (i.e. horizontal offset thickness) could reinforce the structure of the chimney wall. The wall would be more resistant to wind force. The surfaces s h (t, v) and s h1 (ϕ, v) were cut out to show the next layer (see Figure 7) .
where nver(t, v) is the unit normal vector to the surface s h (t, v) at any point.
4.1
The coordinates of points P 1 , P 2 , Q 1 and Q 2
Let the points P, P 1 , P 2 , Q 1 , Q 2 and curves (hyperbolas) c h (t), c h1 (ϕ), c h2 (ϕ) be defined as in section 2 (see Figure 3 , (2), (3)). We can assume that t, ϕ ≥ 0, because the graph of the curve c h (t) (also c h1 (ϕ), c h2 (ϕ)) is symmetrical about the X axis. By conducting analogous calculations as in 3.1 we get the coordinates of points P 1 and P 2 lying on the normal l to the hyperbola c h (t) (at the point P(x t , z t )) and distant from P by the length d.
By conducting analogous calculations as in 3.2 we get the coordinates of the point Q 1 (and the point Q 2 ) (the intersection of the normal line l to the hyperbola c h (t) at the point P(x t , z t ) with the hyperbola c h1 (ϕ) (with the hyperbola c h2 (ϕ))).
Lemma 2 (a) The coordinates of the point Q 1 can be determined using the parametric equations
of the normal line l to the hyperbola c h (t) at the point P(x t , z t ) for the following parameter k
where
(b) The coordinates of the point Q 2 can be determined using the parametric equations x = cosh(t)(a + kdb), z = sinh(t)(b − kda) (11) of the normal line l to the hyperbola c h (t) at the point P(x t , z t ) for the following parameter k
where 
Variability of the thickness of the cooling tower shell
The deviation of the chimney wall thickness from the horizontal offset thickness has been analyzed. The structure under investigation was the chimney of the Rybnik cooling tower. The outer side of the chimney of the Rybnik cooling tower has the shape of the hyperboloid SR h (t, v). Parameters of the Rybnik chimney are shown in Figure 8 (a = 26m, b = 60.83m, constant shell thickness d = 0.14m, radius of the bottom base R 2 = 47.5m, radius of the upper base R 1 = 27.4m, chimney height z = 93 + 20m). Figure 8 also shows the variability of the chimney shell thickness. The first ring from the bottom is 0.6m thick. Next, on the 13 metres section, the thickness of the shell decreases to 0.18m according to the hyperbolic function. On the next 36 metres section the thickness decreases linearly to 0.14m. At the next stage (59m) the thickness is constant, equal to 0.14m. Over the last 5m the thickness increases linearly to 0.25m. We assume that the inside of the chimney (on the 59 metres section) has the shape of the hyperboloid SR h1 (ϕ, v) . The measurements of the shape of the outer surface of the Rybnik chimney made in 1991 and 2010 showed the execution of the object with numerous deviations from the ideal geometry of the one-sheet rotational hyperboloid. The results obtained in 2010 gave extreme deviation values (to the interior of the shell −1.124m, outside the shell +0.788m) (cf. [11] ).
The measurements made in the last 19 years have shown a very disturbing increment of displacements in extreme cases reaching values of 0.3-0.4m (with a tendency to move towards the interior in the lower part of the shell and outside in the upper one). The tests showed a clear threat to the load-bearing capacity and stability of the object (cf. [11] ).
The method for determining the wall thickness of the cooling tower has been given. The thickness of the chimney wall is measured along the normal line l to the external surface of the chimney passing through the point P. More specifically, it was assumed that the external surface (the inner surface) of the chimney was shaped as the hyperboloid surface SR h (t, v) (respectively as the hyperboloid surface SR h1 (ϕ, v) ). The formula specifying distance d PQ1 = |PQ 1 | (measured along the normal l to the surface SR h (t, v) , between the point P and the point Q 1 (the intersection of the normal l with the hyperboloid surface SR h1 (ϕ, v))) was given. Because both hyperboloids are surfaces of revolution, they were replaced with hyperbolas c h (t) and c h1 (ϕ) on the XZ plane. Because the hyperbolas graphs are symmetrical about the X axis, it was assumed that t, ϕ ≥ 0. Points and curves are defined as in Figure 3 .
Test 1 A numerical analysis was carried out for the problem described above (see Table 1 ).
The distances d PQ1 were measured for points P(x P , z P ), where z P = 0, 10, . . . , 100m. The distance d PQ1 decreases with the increase of z P and at the height
In order to strengthen the chimney wall (at the design stage) in the part where the thickness of the shell is smallest, it is proposed to design a wall with the horizontal offset thickness. Such a construction will be more resistant to wind force. For this purpose, it is enough to shape the inside of the chimney using the hyperboloid offset surface off(SR h ; d)
where k P1 = 1 ⧸︂√︁ a 2 sinh 2 (t) + b 2 cosh 2 (t). Coordinates of points P and Q 1 , the angle t (for the point P) and ϕ (for the point Q 1 ), coeflcient k and distance d PQ1 measured at successive heights of the Rybnik chimney Test 2 A numerical analysis was carried out for the following problem. At the following heights z PP1 = 0, 10, . . . , 100m of the chimney (see the point P P1 (x PP1 , z PP1 ) in Figure 3 ) the horizontal offset thickness of the chimney wall was determined. I.e. for consecutive values z P1 = z PP1 the coordinates of points P 1 , P P1 and distance d P1PP1 = |P 1 P P1 | were calculated. Because the hyperboloid SR h (t, v) and the offset off(SR h ; d) are surfaces of revolution, they were replaced with hyperbola c h (t) and offset off(c h ; d) on the XZ plane. Because the graphs of both these curves are symmetrical about the X axis, it was assumed that t, ϕ ≥ 0. Points and curves are defined as in Figure 3 .
Method.
For each value i = 0, 10, . . . , 100 such an angle t was determined that z P1 (t) = i. Because z P1 (t) = z PP1 (t), the coordinates of the point P P1 can be determined as follows x PP1 = a cosh(α), z PP1 = b sinh(α), where α = arsinh(z P1 /b). Additionally, the point Q 1 (x Q1 , z Q1 ) was determined for the angle ϕ (cf. (10)). 
Applications of the given method
The given geometric method can be used, among other things, for modelling hyperboloid objects in architecture and civil engineering design. Its advantages will be presented using examples of domes and elevations designed with a hyperboloid shape. The geometry of the base surface of the dome (roof) has a decisive influence on the majority of its construction features: load-bearing capacity, rigidity, simplicity of execution, aesthetics. Therefore, at present mainly geodesic lattice domes are used (low dead weight of the structure with relatively high load capacity [13] ) (cf. [14] ). Since the offset surfaces of the sphere are spheres, it is easy to obtain surfaces approximating the base sphere. However, for more representative architectural objects, designers propose more glamorous roofs (Sydney Opera House, Wanda Metropolitano (Madrit), Yas Island Marina Hotel Table 2 : Coordinates of points P, P P1 , P 1 and Q 1 , the angle t (for the point P), ϕ (for the point Q 1 ), α (for the point P P1 ) and distances d PQ1 and d P1PP1 measured at successive heights of the Rybnik chimney ecution, easier transport and assembly. The hyperboloid surface ensures repeatability of elements (e.g. triangular panels) at the same height of the coating.
The given method simplifies the analysis of the approximation of the hyperboloid offset surface off(S(t, v); d) by the hyperboloid surface S 1 (ϕ, v) . For illustration, the wall thickness of the cooling tower formed by two one-sheet rotational hyperboloids SR h (t, v) and SR h1 (ϕ, v) was analyzed (cf. section 4.2). The distance between the two hyperboloid surfaces was measured (along the normal line to the surface SR h (t, v) ). It was shown that the deviation from the constant thickness d = 0.14m increases with the increase of the coordinate z P . For the cooling tower Rybnik, the largest deviation is 3% (d PQ1 = 0.1358m) and takes place for z P = 44m (=59m-15m (cf. Figure 8) ).
In a similar way, the thickness of the dome formed by the two-sheet rotational hyperboloids S h (t, v) and S h1 (ϕ, v) (cf. 3.2) was tested (for the parameter values a = 30, b = 40, d = 0.4m). The maximum deviation from the intended thickness d = 0.4m (for the dome with a base diameter equal to 30m (40m, 50m, 60m) and a height equal to 4.7214m (8.0740m, 12.0684m, 16.5686m)) is 14.00% (19.50%, 23.86%, 27.18%). The test was repeated for b = 50. Then the maximum deviation from the intended thickness d (of the dome with a base diameter equal to 30m (40m, 50m, 60m) and a height equal to 5.9017m (10.0925m, 15.0854m, 20.7107m)) was 19.67% (26.45%, 31.53%, 35.24%).
Similar calculations can help a designer decide whether to use the offset surface and assemble the object from the CNC prefabricates or accept the deviation (or change the values of the hyperboloid parameters).
Summary
In order to design objects in the shape of the hyperboloid S(t, v), different surfaces approximating this hyperboloid are needed. It is necessary to ensure that the construction has the appropriate thickness (stability). The paper presents the method of determining the angles and coordinates of points of various surfaces approximating the hyperboloid of revolution. Thanks to this method, the designer can easily calculate the distance between the hyperboloid S(t, v) and the surface approximating it along the normal line l passing through the point P.
The one-sheet hyperboloid is a doubly ruled surface. It means that hyperboloid shaped constructions can be built with straight steel beams that form a strong structure. The surface approximating the hyperboloid was used to strengthen the wall of the cooling tower (at the design stage). The new mathematical models have been tested and proven in real cases, such as the Rybnik cooling tower chimney, providing real parameters.
A double-layer hyperboloid-shaped lattice dome was proposed as a roof for a large object (e.g. shopping centre). The connection by means of bars of two layers with an approximate shape is intended to strengthen the roof structure. The bar structures of the low-profile single-layer domes are particularly susceptible to stability loss (cf. [8] ).
The main advantage of the given method is the simplification of the design process as well as time and cost saving. To design any hyperboloid shaped dome, a student needs a compiler for a programming language (cost=0) and AutoCAD (for students).
